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On zeta functions of symmetric matrices







( ) (cf. [6], [8] ) formally real
Jordan algebra self-dual homogeneous cone
( $[7|$ ) $0$
(cf. Satake-Ogata





$V_{n}$ $(GL(n), V_{n})$ (
) $n\geq 3$
$n=3$ $0$
Riemann-Roch Selberg trace formula
( $n=2$






1 : $D$ (torsion free ) $\Gamma$
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4. $Sp(n, Q)$ $k$ $n$
$k\geq 2n+1$




$G=GL(n, Q)$ \mbox{\boldmath $\rho$}(g)x $=gx^{t}g(g\in G, x\in V_{n})$
Ln $L_{n}^{*}$ $SL(n, Z)$
lattice ( $n\geq 3$ $SL(n, Z)$ lattice
$L_{n}$ $L_{n}^{*}$ ) $V_{n}^{i}$ $(i, n-i)$ $SL(n, Z)$
lattice $L$ $L^{(i)}=L$ $V_{n}^{i}$ $n=2$ $i=1$
( ) $L$






$dg=(\det g)^{-n}\Pi_{1\leq i,J\leq n}dg_{ij},$ $dy=\Pi_{1\leq i\leq J\leq n}dy_{ij}$ , $T$ $V_{n}^{i}$ relatively
compact open subset, $x\in L^{(i)}$ $Y=\{g\in GL_{n}(R);\det(g)>0;gx^{t}g\in T\}$ , $Y_{0}$
$Y$ \Gamma x $=\{\gamma\in SL(n, Z);\gamma x^{t}\gamma=x\}$ $\mu(x)$ $T$
1 $L$ $i(1\leq i\leq n)$ $n+1$
$\infty$ $\det$ $\delta=(-1)^{n-i}$ Hasse
invariant $\epsilon=(-1)^{\langle n-i)\langle n-i+1)/2}$ 2
( ) $L=L_{n}$ $L_{n}^{*}$
$\zeta_{i}(s, L)=\zeta(s, L, \delta, \epsilon)$ $(\delta, \epsilon)$
$n$ 1 $L$





$\zeta(s, L_{n}, \delta, \epsilon)$ $=$ $A_{n} \cross(2^{(n-1)/2}\zeta(s-\frac{n-1}{2})\prod_{i=1}^{[n/2]}\zeta(2s-(2i-1))$
$+ \epsilon\delta^{\langle n+1)/2}(-1)^{(n^{2}-1)/8}\zeta(s)\prod_{i=1}^{[n/2]}\zeta(2s-2i))$ ,




$n$ 2 $Q$ 2 $K$
$d_{K}$ $K$
$\chi_{K}$ $K$ 2 $K=Q\oplus Q$
$d_{K}=1$ $\chi_{K}=$ $L(s, \chi_{K})$
$L$ $n$ 4
$D_{n}^{*}(s, \delta)$ $=$
$(-1)^{[n/4]} \sum_{(-1)^{n/2}\delta d_{K}>0}2(2\pi)^{-n/2}\Gamma(n/2)|d_{K}|^{(n-1)/2}L(\frac{n}{2}, \chi_{K})$
$\cross\frac{\zeta(2s)\zeta(2s-n+1)}{L(2s-\frac{n}{2}+1,\chi_{K})}|d_{K}|^{-s}$
$d_{K}$ 2 $K$ $K=Q\oplus Q$ 1 ‘ $(-1)^{n/2}\delta d_{K}>$
$0$
$D_{n}^{*}(s, \delta)=\sum_{d=1}^{\infty}H(\frac{n}{2}, d, \delta)d^{-s}$
$H( \frac{n}{2}, d, \delta)$
$D_{n}(s, \delta)=\sum_{d=1}^{\infty}H(\frac{n}{2},4d,\delta)d^{-s}$
$(n+1)/2$ $\Gamma_{0}(4)$ (












$|B_{n/2}’|=2(n/2)!(2\pi)^{-n/2}\zeta(n/2)$ $(-1)^{n/2}\equiv\delta mod 4$
\kappa (n, $\delta$) $=1$ $\kappa(n, \delta)=0$
4
1 $n$ $\zeta(s, L, \delta, \epsilon)(L=$
$L_{n},$ $orL_{n}^{*}$ ) 2 $n$
$D_{n}(s, \delta),$ $D_{n}^{*}(s, \delta)$
$\gamma_{n}(s)=\prod_{i=0}^{n-1}\Gamma(s+1+\frac{i}{2})$
$a(s)$ $=$ $( \cos\frac{\pi s}{2})(\cos\pi s)^{(n-1)/2}$ ,
$b(s)$ $=$ $(-1)^{(n^{2}-1)/8}(\sin\pi s)^{(n-1)/2}\cross\{\begin{array}{l}cos\frac{\pi s}{2},ifn\equiv 1mod4sin\frac{\pi s}{2},ifn\equiv 3mod4\end{array}$
$c(s)$ $=$ $(\cos\pi s)^{n/2-1}.\sin\pi s$ .
3
(1) 3 $n$
$(\begin{array}{ll}\zeta(\frac{n+1}{2}-s L_{n}^{*},1,1)\zeta(\frac{n+1}{2}-s,L_{n}^{*},1,-1) \end{array})$ $=$ $2^{-ns+(n^{2}-1)/2} \pi^{-ns+n(n-1)/4}\gamma_{n}(s-\frac{n+1}{2})$
$\cross(\begin{array}{ll}a(s)+b(s) -a(s)+b(s)a(s)-b(s) -a(s)-b(s)\end{array})(\begin{array}{ll}\zeta(s L_{n},1,1)\zeta(s,L_{n},1,-1) \end{array})$ .
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$n\geq 4$ $n\equiv 0$ nod 4
$(\begin{array}{l}\zeta(\frac{n+1}{2}-s,L_{n}^{*},1,1)\zeta(\frac{n+i}{2}-s,L_{n}^{*},1,-1)\zeta(\frac{n+1}{2}-s,L_{n}^{*},-1,1)\end{array})=$
$2^{-ns+n^{2}/2-1} \pi^{-ns+n(n-1)/4}\gamma_{n}(s-\frac{n+1}{2})$
$\cross[(\cos\pi s)^{n/2}-(-1)(\sin\pi s)^{n/2}(\cos\pi s)_{n/2}+(-1)_{n\langle n-2)/8}^{n(n-2)/8}(\sin\pi s)_{n/2}(\sin\pi s)^{n/2-1}$










$\Gamma_{n}(N)=\{g\in Sp(n, Q);g\equiv 1_{2n}mod N\}$
$k$ cusp forms $S_{k}(\Gamma_{n}(N))$
$\dim S_{k}(\Gamma_{n}(N))$ $k>2n$ (Godement)
$\Gamma_{n}(N)$
$(\begin{array}{ll}1_{n} x0 1_{n}\end{array})$
$Sp(n, Q)$- $Sp(n, Q)$
maximal parabolic unipotent radical center
rank$(x)=r$ rank $r$ $r$
$(0\leq r\leq n)$ $\Pi_{r}$ $\Gamma_{n}(N)$ rank $r$ Shintani [8]






$\zeta(1-m, L_{n}^{*})$ $=$ $(-1)^{(n+1)/}|BB_{4} \cdots B_{n-1}|B_{m+\frac{n-1}{2}}B_{2m}B_{2m+}\cdots B_{2m+n-3}2^{\langle 2m^{2}+1)^{2}(n-1)/2}(\frac{n-1}{2})!m(m+1)\cdots(m+^{2}\frac{\ovalbox{\tt\small REJECT} n-1}{2})$
(2) $n$ $nm\neq 2$
$\zeta(1-m, L_{n}^{*})$ $=$ $(-1)^{[\frac{n}{4}J+\frac{nm}{2}|BB_{4}\cdots B_{n-}B|B_{2m}B_{2m}}2^{nm+^{2}\frac{n-2}{2}(\frac{n}{2})!m(m^{2}+^{n/_{1^{2})\cdots(m+^{+2}\frac{\ovalbox{\tt\small REJECT} n-2}{2})^{B_{2m+n-2}}}}}$
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$\zeta(0, L_{2}^{*})=1/48$
$\Pi_{r}$ $\dim S_{k}(\Gamma_{n}(N))$ $I_{n}(\Pi_{r}, N, k)$
$r(0\leq r\leq n)$
$C_{n-r}=C_{n-r}(k,N)=[Sp(n, Z) : \Gamma_{n}(N)]N^{-r(n-\frac{r-1}{2})_{\prod_{t=1}^{n-r}\frac{t!}{(2t-1)!!}}}(\begin{array}{ll}k -1-\frac{n}{2}+\frac{t}{2} t\end{array})$
$t$ $(\begin{array}{l}\alpha t\end{array})$ 2
$(\begin{array}{l}\alpha t\end{array})=\frac{\alpha(\alpha-1)\cdots(\alpha-t+1)}{t!}$,
$(2t-1)!!=1\cdot 3\cdots(2t-1)=2^{-t}t!(\begin{array}{l}2tt\end{array})$ $r=n$
1 $n,$ $N,$ $k(k>2n)$ $(\Pi_{r}, k, N)$
(1) $r$ $1\leq r\leq n$
$I_{n}(\Pi_{r}, k, N)=$
$C_{n-r}\cross(-1)^{[\frac{n+1}{2}J}|B_{n-\frac{r-1}{2}}B_{2}B_{4r-1_{\frac{r-1}{2}(\frac{r-1}{2})!(\frac{\ovalbox{\tt\small REJECT} r-1}{2})!}}B_{2^{n+}}B_{2}B_{n^{4}-}\cdot\cdot B_{2n-2r}B_{2n-2r+2}B_{2n-2r+4}\cdots B_{2n-r-1}|$ .
$n$ $\frac{r-1}{2}$ 1 $I_{n}(\Pi_{r}, k, N)=0$ .
(2) $r$ $0\leq r\leq n$
$I_{n}(\Pi_{r}, k, N)=$
$C_{n-r} \cross\frac{(-1)^{r(1+5_{nr})/2}|B_{2}B_{4}\cdots B_{r-2}B_{\frac{f}{2}}|\cdot|B_{2}B_{4}\cdots B_{2n-2r}B_{2n-2r+2}B_{2n-2r+4}\cdots B_{2n-r}|}{2^{2n-\frac{r}{2}}(\frac{r}{2})!(n-\frac{r}{2})!}$
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$\dim S_{k}(\Gamma_{n}(N))=\sum_{r=0}^{n}I_{n}(\Pi_{r}, k, N)$
$I_{n}(\Pi_{r}, k, N)$ 5 explicit
$n$ [1]
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